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Transport in Cartesian coordinates




Conservation of mass and fluid velocity O
Rien ne se perd, rien ne se crée, tout se transporte

Consider first
- a single-component fluid, e.g. pure water.
« with number of molecules per unit volume N (¢, x)

Then the conservation of number of molecules in a domain 2 has integral and local formulations :

N
2/Nd?’ar:+ F-ndS=0 < —8 +V-F=0
ot ), . ot

molecules in molecules crossing
domain D the boundary

Given its density [V and flux F' we can define the velocity & of the fluid:

F ON .

€T =

Reminder:fDV-Fd3:B:f8DF-ndS
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Conservation of mass and fluid velocity O
Consider now a mixture of molecules NV,, O,, H,O ...
« each with number per unit volume N, (¢, x) and flux F,, (¢, x)
- and a rate per unit volume > of creation/destruction by chemistry, phase change

conservation of mass

ON ~
= 5tV F, = =, where Zn: M, % =0

production / destruction molar masses

Now define density as p = Zn M. N, Then we can define the fluid velocity = as the barycentric
velocity:

an — a—f+v.(pa':):o

T

For atmospheric applications, the air velocity is sometimes defined as the velocity of dry air only. In
that case the budget for total mass (dry+moist) has a r.h.s which is a flux divergence.
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Trajectories and Lagrangian derivatives O

Now that we have a definition for the fluid velocity, we can
« define fluid parcels that “move with the fluid”: their position x(t) is such that is velocity coincides
with the fluid velocity

de
=t (1)

« ask how a quantity q(t, ) evolves “along a fluid trajectory”:

d Jdqg .
i z) =5 +a- Vg

Lagrangian / material derivative

Dq _ 9q _0q  .0q  .0q .0q
Dt at—l—w Vq——+x—+y—+z

= ot Ox oy 9z

I d Ot10 F: d NSpPoOI
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Advection and diffusion O

Now for each species n we can
o define its mass density, mass source and mass ratio:

P

- split its mass flux M F into a part due to the fluid velocity and a a diffusive flux:

M F, = M N,z + f,
g —— ——
total advective diffusive

so that:

reversible / resolved

irreversible / unresolved

+V.px= o0,—V-f,

i
ot

Dq,,

— v
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Consequences of the transport equations

Dq
21 _0

Dt
q=-cstatt =0
q>0att=0
%: :Dﬂzo

Dt Dt

F(qy,--,qn) =0att=0
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D
—F(a) =0

gq=-cstatt>0
qg>0att>0

D
D_tF(ql, "'7qN) — O

F(qy,..,qn)=0att>0
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Recap: Transport in Cartesian coordinates >

Lagrangian / . Dq Oq
material derivative 1= Dt Ot @ Vg
op
T v —0
Conservative form ot i P
= Flux form 0p .
ot
D
Advective form P I 0,— V- fn
Dt
Dgq d
Dt dt /Dp 1
Implications
Dgq D d
n — O — —F e = — — F ces d3 — 0
Dt Dt (q17 7qN) dt/ZDIO (QD 7QN) r

(Boundary terms omitted)
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Transport in curvilinear coordinates

Surfzces of constant §, and constant §,



Lagrangian derivative in curvilinear coordinates >
The geometry of the Earth is better suited to
curvilinear coordinates:

« for instance spherical coordinates A, ¢, r

. in general £1, €263

« by the chain rule:

Dg _ d¢ D¢
Dt — 9¢i Dt

« the contravariant Veloc1ty components are:

o 9 9
Y=y T D afrz“ o¢

Surfaces of constarl §, 2nd constant §,

Same advective form in curvilinear and Cartesiant coordinates. How about the flux form 7 }
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Flux form in curvilinear coordinates O
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Flux form in curvilinear coordinates >
Consider as an example spherical coordinates (A, ¢, )

o infinitesimal distance: dz - dx = r% cos? o dA? +7? dp? + dr?
= h3 dA? +h2 dp?® +h2 dr?

where hy =rcos(p) h,=r h.=1

—

metric tensor

S D ' : :

« contravariant vs “physical” : ()\7 ®, 7“) = D—t(A, ©,7) (u, v, w) = (h)\)‘a h, e, hrr)

~—— N —— —

contravariant physical
e volume element: dV =Jd%x  where J =1, h,h,.

Jacobian
« pseudo-density: pw=dJp
op on O 0 0

_+V.p<ue>\—|—ve(p—|—wer):0 <= —+—<M}\)+%<M¢)+E<M'f’):

ot ot 0\
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Flux form in curvilinear coordinates Transport in curvilinear coordinates g

max = 6088 m
med = -3387 m

| min=-9115m

0 3750
topography (m)

-7500

-3750
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Transport in curvilinear coordinates
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Geometric approximations :

The shape of the Earth and its approximate representation
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Motion 1n an inertial Cartesian frame

op Ds <  Specific entropy
— 4+ le PX = 0 — 0 = entropy per unit mass

ot



Motion in a rotating Cartesian frame

* Newton's fundamental principle of dynamics
* Forces : pressure and gravity
* Pseudo-forces : Coriolis and centrifugal

_ Geopotential
Planetary velocity 1
® = V--R-R
2




Dynamics in curvilinear coordinates

2 Phillips,

(€1.6%,€%) = x(¢1,6%,6°)

Surfaces of constaxt §, and comstant §,

D5 1
L I R X %4 -Vp+ VD =0
Dt P

?




X =T COS ¢ COS A

Y =7 COS @ sin A

Z =rsin o
0x
_ 0x
e¢:a—¢
o = X
" Or

X X = ().\e>\ + q5e¢ + 7'“er) : ().\e,\ + q5e¢ + 7'“e7~)
= ).\Qe,\ ey + (/529¢ €y + e, - e,

_ P
= Gju'v! =u'y,

Gy = 12 cos® ¢
Gy =1
Grr =1

uy = r? cos? gb)\
Up = T2¢
Up =T

metric tensor G covariant velocity u; = G;;u’

(€,6%,6%) = x(¢,6%,6°)

Dx

u

u-u="27

'sflllat()r

covariant planetary velocity R;

-

N. Pole

" Dt

5

e¢ n




Dynamics in curvilinear coordinates

- 1 2 £3 1 2 £3
P Phillips, (f ,§9,€ ) '—>X(§ ,§7,€ )
_Dx
Y
u-u="
e, = 8Z-x
Gij(€") = ei-e
J = (e1xes)-e3
Surfaces of constant §, ard constant §, _ /detGij
Dx . 1 metric
— 4 curl R x x4+ -Vp4+ Vo =0
Dt P
Dx i
s o
u-e;, = Gijuj = Uy
u-u = Gyu'u! =u'u;
7 R-u = R

covariant components



Dynamics in curvilinear coordinates

ol Phillips, * covariant : same form in all coordinate
systems

 derives from a variational principle
Hamilton's principle of least action

» dynamically consistent (White & Bromley, 1995) -
conserves energy, angular momentum,
potential vorticity for any choice of zonally-
symmetric metric, planetary velocity, Jacobian

metric, planetary velocity, Jacobian can be
approximated without jeopardizing
dynamical consistency

Surfaces of constant §, ard constant §,

Dx 1 various geometric approximations, each
—+curl R x%x+ -Vp+Vd =0 characterized by a certain choice of metric
Dt 0 and planetary velocity
-------- e e el
Dvw 1 o
Gij?t + 5 (BJsz + 8ka (%ij) u’ u

(Tort & Dubos, 2014)



Spherical geoid approximation

« Ellipticity of geoids ~ centrifugal / gravitational ~ 1/300
* Spherical geoid approximation :
pretend that the geoids (isosurfaces of geopotential) are spheres of radius T((I))

Gi;dE'dE? = r? cos® pdA? + r2de? 4 dr? R;d¢? = Qr? sin? ¢pd\

Geopotential

1
¢ = V-_RR




Spherical geoid approximation

QO (2 cos ¢ (sin ¢

0 U —2Q0sin pv + 2 cospw \W — E
2Qcosop | x| v |= 2Q2 sin gu S— N
2€)sin @ w 2€) cos pu

D 1
U204+ YV using +20cospw + L 4 Ap = 0
Dt T COS @ r P71 COS @
Dv VW 1
— 2Q) ' Opp = 0
Dt+< + COS¢)081H¢+ - —I—p D
D 2 2 1
Fl:—I-(ZQcosqb)u—u :U —|—g—|—;(77~p:0

Deep-atmosphere geometry



e atmospheric shallowness (radius a=6400 km >> r-a~50 km) suggests to let r=a,
g(r)=g(a) and neglect blue terms : shallow-fluid approximation

* Small vertical velocities suggest to neglect red terms : traditional approximation

* Phillips (1966) : both approximations must be made together, otherwise angular
momentum conservation is lost

Earth Titan
ratio ~ 1% ~ 25%
g variability ~28% ~53.4%

D 1
i 2€) + ¢ vsin¢+29(:osgbw—|—%+—ﬁ>\p:0
Dt T COS @ r P71 COS @
Dv VW 1
— 2Q) ' Opp = 0
Dt+< i COSQb)vSHM5+ r +,0 *P
D 2 2 1
%—F(QQcosqb)u—#%—Q%—;@rp:O



Shallow-fluid and traditional approximations

Deep-atmosphere :

Gi;d€ideT = 12 cos? ¢pdA? + r2d¢? + dr? R;d¢’ = Qr®sin® ¢dA

Atmospheric/oceanic shallowness (radius a=6400 km >> r-a~50 km) suggests to let r=a

Shallow-fluid : replace r by a in the metric
Traditional : replace r by a in the planetary velocity (Tort & Dubos, 2014)

. r=a-+=z
G;;d¢'de? = a? cos® pdA* + a*de?® + dz”

R;d¢7 = Qa”sin” pdA V X R = fe,

D 1
—u—<29+ ¢ >vsingb+ Oxp =20

Dx Dt @ COS @ 00 COS @
— 4+ fe. x x4+ Vo + Vp—() Dv 9 L
Dt P i + Q+acos¢ v81nqz5—|-pa5’¢p 0

D
%+(29€05¢)u+g+ —0,p=10




D3
DX e i+ iUy VR =0
Dt Iy

Traditional approximation: curl R = [ e.
=> only the Coriolis parameter f matters for the dynamics

Why would the pole of the coordinate system be at the geographical pole ?
Let us put it at some arbitrary latitude ... (Verkley, 1990)

fX, @) = 2Q cos A cos ¢
= 2€) (sin ¢ cos ¢ + cos A cos ¢ sin ¢y)




Tangent-plane approximations

Cartesian models with a simple expression of f

Dx
+ fe. x x+ Vp—I-VCD—O
Dt Iy
: Beta-plane
Equatorial beta-plane f-plane Delta-plane
72 1 g2
f =0y f=Jo+ By f:m(l—Tf)
y y
A
R
il O i |
| R \ERI |
A\ \ /
N\ [/ /77
AN /S \\\\\
f(\, @) =2Qsin ¢ ¢=%<<1, >\=§<<1 f(A, @) = 2Q cos A cos ¢

fA\ @) = 29 (sin ¢ cos ¢g + cos A cos ¢ sin ¢g)



Wrap-up



Inertial “ Rotating “ Rotating ‘ Rotating
Cartesian Cartesian Curvilinear Curvilinear

Planetary velocity

Gravity Geopotential chgz\;gﬁnt
Coriolis
Exact geometry Fully compressible fluid
spherical geoid Boussinesg/anelastic Hydrostatic

: 1 1

shallow-fluid Hydrostatic Boussinesq

traditional
beta-plane * Geometry = metrllc tensor + plalnetary velocity
l * Affects the equations of dynamics
(momentum)
f-plane .

But transport equations are the same in any
coordinate system

Flux-form <=> advective form
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